In this paper, we derive the Dirac equation in the κ-deformed Minkowski space-time. We start with κ-deformed Minkowski spacetime and investigate the undeformed κ-Lorentz transformation valid to all order in the deformation parameter a. Using the undeformed κ-Lorentz algebra, we obtain the κ-deformed Dirac equation, valid to all order in the deformation parameter a. In limit a →0, we get back the correct commutative result.
Introduction
The noncommutative geometry has attracted wide attention in the context of study of space-time at the microscopic level [1, 2, 3, 4, 5, 6, 7, 8] . In the noncommutative geometry, the structure of the space-time is modified in comparison with the commutative space-time. The κ-Minkowski space-time is one of the examples of the space-time whose coordinates satisfy Lie algebra type commutation relations. Here, the deformed commutation relations between the space-time coordinates depend on the deformation parameter a which has the dimension of length. This deformation of the space-time structure also necessitate the modification of the associated symmetry algebra. The modified symmetry algebra corresponding to the κ-Minkowski space-time is known as deformed-κ-Poincare algebra. κ-Minkowski spacetime is also connected to the doubly special relativity(DSR) [9] , which introduces a fundamental constant of length dimension in addition to the constant velocity of light present in the special theory of relativity.
In [10, 11] , a κ-deformed Dirac equation compatiable with doubly special relativity was constructed in momentum space with specific choice of differential calculus defined on κ-Minkowski space-time. Another, κ-Dirac equation was constructed in [12] by demanding that the square of this should be the κ-deformed Klein-Gordon equation. The κ-Dirac equation obtained in [12] is invariant under the parity and time reversal operations but it was not invariant under the charge conjugation. By using this κ-Dirac equation, the modification of the Unruh effect was studied in [13] (and for scalar field this was studied in [14] ). The Dirac equation in κ-deformed space-time was constructed and analysed by using different approaches in [15, 16, 17, 18, 19] .
In this paper, we derive the κ-deformed Dirac equation valid to all orders in the deformation parameter, using a different approach. Starting from the deformed dispersion relation valid in the κ-deformed space-time, we first obtain the modified boost factor γ ′ exactly, i.e., valid to all orders in the deformation parameter. Using this γ ′ and the explicit form of the boost generators of undeformed κ-Poincare algebra, we then obtain finite boost transformations. Using the corresponding transformation matrix, we then derive the matrix realisation of boost generators. All these explicit matrix realisations are independent of the deformation parameter. The deformation parameter appear only through the boost factor γ ′ and γ ′ is valid to all orders in the deformation parameter. Note that the rotation sector of the undeformed Poincare algebra are unaffected by the κ-deformation. This should not be surprising as the κ-deformation leave the spatial coordinates to be mutually commuting with each other.
As in the commutative case, by a change of basis, we re-express the undeformed κ-Lorentz algebra as the direct product of su(2) algebras. Following the usual approach in the commutative space-time [20] , we then define left and right su(2) spinors. Using the explicit form of undeformed κ-Lorentz transformations, we obtain the relation between these su(2) spinors with zero momentum and non-zero momentum P . From this transformation rule, as in the commutative space-time, one gets the relation between the left and right spinors with arbitrary three momentum and energy. This relation written in the matrix form is nothing but the κ-deformed Dirac equation, in the momentum space. With the operator realisation of four momentum used in writing down the energy momentum relation, we show that the κ-deformed Dirac equation we obtained is mapped to the κ-Dirac equation obtained in [12] , in the coordinate space. Further, we show that square of this Dirac equation correctly give the Klein-Gordon equation.
This paper is organized as follows. In next section we give a brief summary of the κ-Minkowski space-time and in section 3, we derive the Lorentz transformation in κ-Minkowski space-time which is required for deriving the Dirac equation in κ-Minkowski space-time. In section 4, we derive the Dirac equation in κ-Minkowski space-time using the κ-deformed Lorentz algebra. We give our concluding remarks in section 5.
κ-Minkowski space-time
In this section, first we recall the essential detail of the κ-deformed spacetime, whose coordinates obey commutation relations,
Here, a is the deformation parameter and has the dimension of length. In the Minkowski space-time with metric η µν = diag(-1,1,1,1) we define x µ = η µα x α and ∂ µ = η µα ∂ α . These coordinates and derivatives satisfy the commutation relations
The κ-Minkowski space-time coordinates can be defined in terms the commutative coordinates x µ and corresponding derivatives ∂ µ asx µ = x α φ αµ (∂). In this realization, the explicit form ofx i andx 0 are given aŝ
where A = −ia∂ 0 . Using Eqn.(4) in Eqn. (1), we obtain
where
satisfying the boundary conditions ϕ(0) = 1, ψ(0) = 1, γ(0) = ϕ ′ (0) + 1 and is finite and ϕ, ψ, γ are positive functions. These coordinate satisfy the condition that in particular
and
Let M µν denote the rotation and boost generators of the κ-Poincare algebra.
We require that the commutation relations between M µν should be same as the usual Poincare algebra and also that between M µν and the κ-space-time coordinatesx µ should be linear functions ofx µ , M µν and deformation parameter a µ . We also demand that these generators have the correct commutative limit. Thus one get
We also demand that these commutators have the correct commutative limit. This leads to two type of possible realisation, one where ψ(A) = 1 and second one ψ(A) = 1+2A [21] . The generators of the undeformed κ-Poincare algebra are D µ and M µν , whose explicit forms (for the realization ψ = 1) are given by
Where
The symmetry algebra of the underlying κ-space-time generated by M µν and D µ is given above known as the undeformed κ-Poincare algebra. Their generators D µ and M µν obey [21, 22, 23, 24, 25] 
Here we note that the usual derivative ∂ µ do not transform like a 4-vector under the above defined undeformed κ-Poincare algebra whereas the Dirac derivative D µ transform like a 4-vector. The undeformed κ-Poincare algebra in Eqns. (12, 13) have same form as the Poincare algebra. But the explicit form of generators are modified compared to that of the Poincare algebra. The explicit form of these generators are given in Eqn. (9), Eqn. (10) and Eqn. (11) .
The Casimir of undeformed κ-Poincare algebra is D µ D µ which in the momentum space is given by P µ P µ and the dispersion relation in κ-Minkowski space-time is given as
Note that the momentum P 0 and P i appearing in the above are κ-deformed momenta and they are different from the momenta in the commutative spacetime. Explicitly, the above deformed dispersion relation is given as 4 a 2 sinh
where p 0 and p i are the momenta in the commutative space-time. From Eqn. (14), we get
where m 0 is the rest mass of the particle. Here we note that E ′ appearing above is the deformed total energy of the particle in the κ-Minkowski space-time. It is given by
, here P is the deformed three momentum of particle in the κ-Minkowski space-time. As in the commutative space-time, we write the boost factor γ ′ in κ-Minkowski space-time as
. Since E ′ is the deformed total energy of the particle in the κ-deformed space-time, this leads to deformation of the boost factor due to κ-deformation of the space-time. Thus we obtain the modified boost factor as
where we have used
From Eqn. (18), we find
In κ-Minkowski space-time the boost parameter
and for c = 1, we can write above equation as
Note that all the above discussion is valid to all orders in the deformation parameter. The deformed three momentum P in the κ-deformed space-time is given by −i D in the momentum space, where D is the Dirac derivative given in Eqn. (11) . Thus the momentum P i is given as
where p i = −i∂ i and A = −ia∂ 0 . Thus we find the momentum of particle in the κ-deformed space-time as
In the above m ′ (see Eqn. (19)) and m are the relativistic mass of the particle in κ-Minkowski space-time and commutative space-time, respectively. For the realisation ϕ = e − A 2 , the velocity of particle in κ-Minkowski space-time, valid to all order in deformation parameter obtained from Eqn. (24) is
is the total energy of the particle in the commutative space-time and p is the momentum of the corresponding particle. This shows that the boost factor in Eqn. (21) is modified due to κ-deformation of space-time. In limit a → 0, we get back the usual boost factor in commutative space-time.
Undeformed κ-Lorentz Transformation
In this section, we derive the finite transformations in κ-Minkowski spacetime. For the sake of simplicity and clarity, we consider here a frame of reference moving along the x-axis with respect to the another frame of reference in κ-Minkowski space-time. Using Eqn.(10) for the realization ϕ = e − A 2 , we find the boost generators as
Now using this boost generator, we obtain the relation between prime coordinates and unprimed coordinates (assuming that the transformation is along x-axis) as
Here note that if the boost generators given in Eqn.(26) have terms involving to second or higher order in deformation parameter a, then the above two equations will not be linear. We can re-write above two equations in the matrix form as
Using this we write
Note that the effect of κ-deformation enters the above equation through the boost parameter φ only. Using this equation, we find
Thus, we get
We can write above transformation in four dimensions as
where B stands for the boost matrix. Note that the above transformation is the finite transformation along the x-axis. Now we parametrise above equation by using
where γ ′ is given in Eqn (21) . Note that deformed parameter γ ′ and β ′ are valid to all orders in the deformation parameter. Using this we can re-write Eqn.(33) as 
From Eqn.(34) it is clear that γ
. Here, we have taken c = 1. Using this we can write above equations in a compact form as
Note that the γ ′ appear in the above equation is given by (1 − β ′2 ) − 1 2 and this contain the all information about κ-deformation. Thus these are the Lorentz transformation in κ-Minkowski space-time valid to all order in the deformation parameter a. In limit a → 0, we get back the well known result in commutative space-time. Note that all the effect of κ-deformation (valid to all order in the deformation parameter a) is contained in β ′ (and γ ′ ).
Dirac Equation in κ-Minkowski space-time
In this section, using the κ-deformed Lorentz algebra we derive the Dirac equation in κ-Minkowski space-time. Since γ ′ = cosh φ, γ ′ β ′ = sinh φ then the boost transformation in terms of variable φ, with tanh φ = ve
given in Eqn.(33). Note that the deformation parameter a is contained in the definition of φ. As in commutative space-time, the boost generator along x-axis defined as
Note that the boost matrix B in Eqn.(33) is parametrised in terms of φ and this φ which captures the effect of the κ-deformation is valid to all orders in the deformation parameter. Explicitly, we find
Using this procedure, we also obtain the boost matrices along the y and z-axis as 
These six generators (three for boost and three for rotation) satisfy the commutation relations
[
define the undeformed κ-Lorentz algebra. Note that these matrices are exactly same as in the commutative case. All the effect of noncommutativity is included in β ′ and thus in φ. As in commutative case, we can re-express the above algebra in Eqns.(43-46) in a different basis. For this we introduce K matrices in terms of Pauli matrices as
We define the generators of Lorentz algebra as linear combination of J and
Using Eqns.(43-46), we find that these generators satisfy the algebra
Thus we see that these two sets of generators A and B generate su(2) algebra and these two generators commute with each other showing that the κ-Lorentz algebra can be written as su(2) ⊗ su(2). Now we denote the angular momentum corresponding to the su(2) generated by A and B as j A and j B , respectively. For a special cases where B = 0, i.e. (j A , 0) and J (j) = iK j , and for A = 0, i.e. (0, j B ) and J (j) = −iK j . These two leads to the definition of two types of spinors. For 1 2 , 0 representation, we have
and we denote the corresponding spinor as ξ. If (θ, φ) are the rotation and pure Lorentz transformation parameters, respectively, then ξ transform as
Note that the boost parameter φ contains the effect of deformation, valid to all orders in the deformation parameter a. And for 0,
representation, we have
and the corresponding spinor-η transforms as
Under the κ-Lorentz transformation these spinors transform as
From this, we see that under the pure κ-Lorentz transformation (when the rotation parameter θ = 0) the spinors ξ and η transform as
where φ R is the right spinor and φ L is the left spinor. Thus Eqn.(53) can be written as
where n is the unit vector in the direction of Lorentz boost. Here note that the boost parameter φ is now given by Eqn.(39) and this contains all the effects of κ-deformation. Suppose initially spinor φ R (0) describe the particle at rest and φ R ( P ) describe the particle with momentum P . From
Eqn.(34), we have cosh φ = γ ′ and we find cosh
and sinh
Using this in Eqn.(57), we get
HereP is the momentum unit vector along the direction of undeformed κ-Lorentz boost. Note that the effect of κ-deformation is encoded in γ ′ as well as in P , appearing in above equation. Now using
Similarly, we find
In the above two equations, we have replaced γ ′ in terms of E ′ and m 0 . Thus the effect of κ-deformation is now contained in E ′ and P appearing in the above two equations. Since from the Eqns.(59,60), it is clear that for particles at rest, φ R (0) = φ L (0) and this allows us to eliminate the zero momentum spinors. Thus from Eqn.(59) and Eqn.(60), we find (see appendix for details)
We re-write the above two equations as
where P 0 = E ′ . Which in the matrix form can be written as
Defining the 4-spinor and 4 × 4 matrices as
Eqn.(64) can be re-written as
Here, P 0 = −iD 0 and P i = −iD i . The explicit form of the Dirac derivatives D 0 and D i given in Eqn. (11) . Using this, we find the κ-deformed Dirac equation in position space as
The γ µ matrices appearing in the above equation are independent of the κ-deformation. They are exactly same as in the commutative space-time. All effects of the κ-deformation of the space-time appear only through the Dirac derivatives-D µ and all the a dependent corrections are included in the above equation i.e., this deformed equation is valid to all orders in the deformation parameter.
The square of this κ-deformed Dirac equation gives the κ-deformed KleinGordon equation, which is invariant under the undeformed κ-Poincare algebra given in Eqns. (12, 13) [12] . The dispersion relation of corresponding κ-deformed Klein-Gordon equation in momentum space is given in Eqn. (15) . In limit a → 0, we get back the well known Dirac equation in commutative space-time.
Conclusion
In this paper, we have derived the κ-deformed Dirac equation valid to all orders in the deformation parameter. This was done by defining the left and right su(2) spinors and studying their transformations. We have seen that the entire effects of κ-deformation is contained in the boost factor, characterising the undeformed κ-Lorentz boosts. After writing down the finite transformations of space-time coordinates under undeformed κ-Lorentz transformation, we obtain the corresponding matrix realisations of the generators. These matrices are independent of the κ-deformation. After this, by a change of basis, the undeformed κ-Lorentz algebra is written as the direct product of two su(2) algebras. We then introduced spinors transforming under these su(2) algebras. The effect of κ-deformation come into picture through these transformations as the boost parameter and the three momentum P characterising the transformations are deformed ones. Note that these two, namely, the boost parameter and the deformed three momentum used here all valid to all orders in the deformation parameter. The transformation between spinors under different su(2) (appearing in the direct product) allowed as to write down the κ-deformed Dirac equation. We discussed that the Dirac equation obtained here is exact and include effects of deformation to all orders in the deformation parameter a. We also emphasis that the matrix realisation of the generators of κ-deformed Lorentz transformations (see section 4) are independent of the deformation parameter. Similarly, the γ matrices appearing in the κ-deformed Dirac equation in Eqn.(66) and in Eqn.(67) are also independent of the deformation parameter. Thus σ µν = [γ µ , γ ν ] + which gives the spinor representation will also be independent of the deformation parameter and the entire effect of the κ-deformation will be encoded in the parameter of the (boost) transformation.
